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Abstract The resonance frequencies and stability of a nanobeam in a longitudinal magnetic ﬁeld are
investigated. To this aim, a three dimensional beam model is used in which the small-scale eﬀect is
taken into account based on the nonlocal elasticity theory. The Lorentz forces are obtained in terms
of the local elastic rotations of the beam and the thermal stress due to current is modeled as an axial
compressive force. Using the Galerkin method, the governing equations of motion are solved and the
stability boundary of the nanobeam is determined. c© 2012 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1203112]
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Carbon nanostructures are regarded to oﬀer
great potential for the design of advanced nano-
electro mechanical devices such as nanosensores,1
nanoresonators,2 and nanoswitches.3 A great deal of
researches are being done to utilize outstanding pro-
perties of carbon nanostructures. Among them, car-
bon nanotubes (CNTs) are currently considered as
a promising future of nanotechnology and have been
used as high frequency resonators,2 superconductive
nanowires,4 high tensile strengthened ﬁbers5,6 and
many other applications. The mechanical proper-
ties of CNTs have been investigated using classical
molecular dynamics simulations and molecular mechan-
ics methods. On the other hand, the continuum-
based models in combination with the nonlocal elastic-
ity theory have been provided new features and have
been successfully applied for the mechanical analy-
sis of nanostructures.7–12 The behavior of CNTs’ un-
der various external force ﬁelds,13–15 thermal stress15,16
and electrical or magnetic ﬁelds has been considered
recently.17–19 Nordenfelt et al.18 investigated the self-
excitation of semiconducting current-carrying CNTs
subjected to a homogeneous magnetic ﬁeld, perpendic-
ular to the axis of CNT’s. They obtained the order of
critical values for magnetic ﬁeld in which unstable os-
cillation occurs in a given voltage. Wang et al.20 stud-
ied the thermal buckling of simply supported CNTs us-
ing nonlocal continuum theory and obtained the critical
buckling temperatures for various dimensionless geome-
tries of CNTs. The present study is conducted to in-
vestigate the resonance frequencies and stability of a
clamped-clamped nanobeam carrying electric current,
subjected to a parallel magnetic ﬁeld as well as an axial
compressive force due to thermal stress. The governing
equations of motion are derived based on the Euler-
Bernoulli beam model and using the nonlocal elasticity
theory. Assuming an external uniform magnetic ﬁeld
a)Corresponding author.Email: ﬁrouzabadi@sharif.edu.
along a current-carrying nanobeam, the Lorentz trans-
verse forces are obtained in terms of the nanobeam de-
formations. Applying these forces on the nanobeam and
using the Galerkin method, the governing equations of
motion are solved to determine the resonance frequen-
cies and stability conditions. Figure 1 shows a current-
carrying nanobeam in a uniform external magnetic ﬁeld
of magnitude B. The nanobeam is clamped at both
ends, thus the temperature rise ΔT due to current re-
sults in a compressive internal force p in the beam which
can be obtained as
p = AEαΔT, (1)
where AE is the axial stiﬀness of the beam and α is the
thermal expansion coeﬃcient.
According to the diﬀerential form of the Eringen’s21
nonlocal theory of elasticity, the normal stress in the
beam σ1 is related to the axial strain ﬁeld 1 via the
following constitutive equation21
σ1 − e20a2σ1,xx = E1, (2)
where E is the Young’s module and the comma sub-
script denotes diﬀerentiation with respect to the follow-
ing variable. Furthermore, a is an internal characteristic
length, and e0 is a material constant to be determined
from matching experimental or lattice dynamics simu-
lation data.
Using the Euler-Bernoulli beam theory, the dis-
placement ﬁeld of the beam is described as
u = u0 − zw0,x − yv0,x, v = v0, w = w0, (3)
where u0 is the axial deformation and w0 and v0 are
the lateral deformations of the neutral axis in x and
y directions, respectively. Assuming that the beam is
inextensible, the axial strain in the beam is stated as
1 = −zw0,xx − yv0,xx. (4)
Substituting Eq. (4) into (2), multiplying once by y and
then by z and integrating over the nanobeam cross-
section yields the following constitutive relations in
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terms of the sectional bending moments in y and z di-
rections
My − e20a2My,xx = EIw0,xx, (5)
Mz − e20a2Mz,xx = EIv0,xx. (6)
From the principle of virtual work, the balance of forces
and moments in the beam gives the equilibrium equa-
tions as follows
My,xx + fy − pw0,xx = mw0,tt, (7)
Mz,xx + fz − pv0,xx = mv0,tt, (8)
where fy and fz are the transverse external forces per
unit length over the beam in y and z directions. Ap-
plying the operator L = 1 − (e0a)2d2/dx2 to Eqs. (7)
and (8) and using Eqs. (5) and (6), the governing equa-
tions of the nanobeam’s motion in z and y directions
are obtained as
EIw0,xxxx − L(mw0,tt + pw0,xx) = −Lfz, (9)
EIv0,xxxx − L(mv0,tt + pv0,xx) = −Lfy. (10)
The electric current vector in the deformed nanobeam
can be described as
I = I(i+ v0,xj + w0,xk). (11)
Thus the Lorentz force exerted on the nanobeam is ob-
tained as
fyj + fzk = I ×B = BI (−w0,xj + v0,xk) . (12)
Substituting Eq. (12) into Eqs. (9) and (10) and assum-
ing harmonic vibrations as u0 = u¯e
iωt and v0 = v¯e
iωt
yields the governing equations of motion as
(1− ηκ) v¯(4) + λ4v¯ + ηv¯′′ −
λ4κv¯′′ − β(w¯′ − κw¯′′′) = 0, (13)
(1− ηκ) w¯(4) + λ4w¯ + ηw¯′′ −
λ4κw¯′′ − β(−v¯′ + κv¯′′′) = 0, (14)
in which the prime symbol denotes derivative with re-
spect to the dimensionless axial position x¯ = x/l where
the following dimensionless parameters are used
v¯ =
v0
l
, w¯ =
w0
l
, η =
pl2
EI
,
λ4 =
ml4ω2
EI
, κ =
e20a
2
l2
, β =
BIl3
EI
. (15)
By deﬁning the complex deformation as y¯ = v¯ + i w¯,
Eqs. (13) and (14) transform into the following form
(1− ηκ) y¯(4) + λ4y¯ + (η − λ4κ)y¯′′ +
iβ(y¯′ − κy¯′′′) = 0. (16)
Using the modal analysis technique, the solution of
Eq. (16) can be expressed in terms of the modal coor-
dinates ξm in the form of the following expansion
y¯ =
N∑
m=1
ξmφm(x), (17)
Fig. 1. Schematic of a current-carrying suspended nanobeam
subjected to an axial magnetic ﬁeld.
Fig. 2. Fundamental resonance frequency of the nanobeam
versus the dimensionless magnetic ﬁeld parameter.
where φm(x) denotes the natural mode shapes of a clas-
sical clamped-clamped Euler-Bernoulli beam. Based on
the Galerkin method, substituting Eq. (17) into (16),
multiplying the result by φn(x) and integrating over
the beam’s length yields the governing equations of the
modal coordinates as follows
[(1− κη)K4 + λ4M − (η − κλ4)K2 +
iβK1 − iκβK3]ξ = 0, (18)
where the following matrices are introduced
K4(m,n) =
∫ 1
0
φ′′mφ
′′
ndx¯, (19)
K3(m,n) =
∫ 1
0
φ′′mφ
′
ndx¯, (20)
K2(m,n) =
∫ 1
0
φ′mφ
′
ndx¯, (21)
K1(m,n) =
∫ 1
0
φmφ
′
ndx¯, (22)
M(m,n) =
∫ 1
0
φmφndx¯. (23)
The nontrivial solutions of Eq. (18) are obtained using
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Fig. 3. The critical compressive axial force versus the di-
mensionless magnetic ﬁeld parameter for several small-scale
parameters.
Fig. 4. Eﬀect of small-scale parameter on the fundamental
mode shape of nanobeam (β = 0).
the following eigenvalue problem
λ4[M + κK2]ξ = [η(κK4 −K2)−
β(iK1 − iκK3)−K4]ξ. (24)
Equation (24) shows that the dimensionless resonance
frequencies λ and stability of the nanobeam are depen-
dent on the dimensionless magnetic ﬁeld parameter β,
which is proportional to the amplitudes of the magnetic
ﬁled and electric current, as well as the compressive in-
ternal force η due to the nanobeam self heating by the
electric current. The small-scale eﬀect also appears in
the vibrational and stability characteristics of the beam
by the dimensionless parameter κ. To purely investigate
the eﬀect of longitudinal magnetic ﬁeld on the vibra-
tional behavior of the nanobeam, Eq. (24) is solved for
various values of β and diﬀerent values of κ assuming
η = 0. The results shown in Fig. 2 illustrate that the
fundamental resonance frequency of the beam decreases
by increasing β and vanishes at a critical point in which
the beam becomes unstable.
Fig. 5. Transﬁguration of the fundamental mode shape
wherein the strengthening of the magnetic ﬁeld parameter.
A similar behavior is observed for the resonance fre-
quencies of the beam subjected to compressive axial
force when β = 0. Thus an stable region can be de-
termined when the magnetic ﬁeld and compressive ax-
ial force are applied simultaneously. Figure 3 illustrates
the stability boundaries of current-carrying nanobeams
for several values of κ where the area inside each curve
shows the stable region. The results show that the sta-
ble region diminishes as the small-scale eﬀects are high-
lighted and for large values κ the stability boundaries
tend together. The variation trends of the critical η
versus β are similar for all scale eﬀect parameters κ.
For small values of the magnetic ﬁeld parameter, the
critical compressive force shows a slight decrease by in-
creasing β, while for the moderate and large values of
β, it decreases linearly as the magnetic ﬁeld parameter
increases.
The eﬀect of small-scale parameter on the funda-
mental vibration mode shape is investigated in Fig. 4,
which illustrates a very small deviation for κ = 0.1 as
compared with κ = 0. The transﬁguration of the fun-
damental mode shape wherein the strengthening of the
magnetic ﬁeld parameter up to the instability point is
shown in diﬀerent views in Fig. 5. The results show
that the magnetic ﬁeld transforms the 2-D planar mode
shapes of the beam into 3D spatial modes. Also the
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Lorentz forces due to the local elastic rotation of the
nanobeam disturb the symmetry of the original mode
shapes.
In summary, the mechanical stability of a current-
carrying nanobeam subjected to thermal load and ax-
ial magnetic ﬁeld is investigated. Both of the parallel
magnetic ﬁeld and compressive internal force decrease
the global stiﬀness of the beam and result in the re-
duction of fundamental resonance frequency which ul-
timately leads to a Hopf bifurcation. The results show
that the stability boundaries of the nanobeam diminish
when the small-scale eﬀect is considerable. For the weak
magnetic ﬁelds and very low currents, the critical com-
pressive force decreases slightly; however increasing the
magnetic ﬁeld results in a considerable linear decrement
of the critical axial force. The small scale-eﬀect has no
signiﬁcant eﬀect on the fundamental mode shape of the
suspended nanobeam, while the magnetic ﬁeld trans-
forms the symmetric planar mode shapes of the beam
into non-symmetric spatial modes.
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